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Abstract

I introduce and analyse an anytime version of the Optimally Confident UCB
(OCUCB) algorithm designed for minimising the cumulative regret in finite-
armed stochastic bandits with subgaussian noise. The new algorithm is simple,
intuitive (in hindsight) and comes with the strongest finite-time regret guarantees
for a horizon-free algorithm so far. I also show a finite-time lower bound that
nearly matches the upper bound and has a trivial proof.

1 Introduction

A potential drawback of the Optimally Confident UCB algorithm for finite-armed bandits is that it
depends on advance knowledge of the horizon [Lattimore, 2015]. T address this issue by analysing
an anytime version that performs about as well empirically and for which the regret guarantee suffers
only an additional log log(n) additive term. The proof is also significantly easier — though still quite
involved — and more importantly is quite intuitive. For the sake of brevity I will give neither a
detailed introduction nor an exhaustive survey of the literature. Readers looking for a gentle primer
on multi-armed bandits might enjoy the monograph by Bubeck and Cesa-Bianchi [2012] from which
I borrow notation. Let K be the number of arms and I; € {1, ..., K} be the arm chosen in round ¢.
The reward is X; = uy, + & where 1 € RE is the unknown vector of means and the noise term &;
is assumed to be 1-subgaussian (therefore zero-mean). The n-step pseudo-regret of strategy 7 given
mean vector 4 with maximum mean p* = max; p; is

RZ(TL) = ’I’L/,L* _EZML )
t=1

where the expectation is taken with respect to the uncertainty in both the rewards and actions. In all
analysis I make the standard notational assumption that 13 > po > ... > pg. The new algorithm
is called OCUCB-n and depends on two parameters 7 > 1 and p € [1/2,1]. The algorithm chooses
I; = tinrounds ¢t < K and subsequently [; = arg max; 7; (t) with

ilt) = fult — 1) + \/2’7 ngi((fi(tlg ), (1)

where T; (¢t — 1) is the number of times arm ¢ has been chosen after round ¢ — 1 and fi;(t — 1) is the
empirical estimate of its mean and
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K
Bi(t — 1) = max{ e, log(t), tlog(t) | > min {Ti(t — 1), T;(t — )P Ti(t — 1)' "}

Besides the algorithm, the contribution of this article is a proof that OCUCB-n satisfies a nearly
optimal regret bound.



Theorem 1. Ifp € [1/2,1] and n > 1, then

- nA?log(n)
RZ(,UCB < C Z < log max {m, log(n) )

:A; >0

where A; = p* — p; and k;, = Zszl min{1, A?p/A?p} and C,, > 0 is a constant that de-
pends only on 1. Furthermore, for all p € [0,1] it holds that limsup,,_, ., R{“""(n)/log(n) <

> 2n
A >0 At

Asymptotically the upper bound matches the lower bound given by Lai and Robbins [1985] except
for a factor of 7. In the non-asymptotic regime the additional terms inside the logarithm significantly
improves on UCB. The bound in Theorem 1 corresponds to a worst-case regret that is suboptimal by
a factor of just v/log log n. Algorithms achieving the minimax rate are MOSS [Audibert and Bubeck,
2009] and OCUCB, but both require advance knowledge of the horizon. The quantity k; , € [1, K]
may be interpreted as the number of “effective” arms with larger values leading to improved regret.
A simple observation is that k; , is always non-increasing in p, which makes p = 1/2 the canonical
choice. In the special case that all suboptimal arms have the same expected payoff, then k; , = K
for all p. Interestingly I could not find a regime for which the algorithm is empirically sensitive to
p € [1/2,1]. If p = 1, then except for log log additive terms the problem dependent regret enjoyed
by OCUCB-n is equivalent to OCUCB. Finally, if p = 0, then the asymptotic result above applies,
but the algorithm in that case essentially reduces to MOSS, which is known to suffer suboptimal
finite-time regret in certain regimes [Lattimore, 2015].

Intuition for regret bound. Let us fix a strategy 7 and mean vector 1 € R¥ and suboptimal arm 4.
Suppose that E[T, ( )< A2 log(l/d)/? for some 6 € (0,1). Now consider the alternative mean
reward p/ with u = U for J # iand p; = p; + 2A;, which means that 4 1s the optimal action
for mean vector y’. Standard information-theoretic analy51s shows that ;1 and p/ are not statistically

separable at confidence level ¢ and in particular, if A; is large enough, then R7,(n) = Q(ndA;).
For mean i’ we have A =l — iR max{A;, A;} and for any reasonable af?gonthm we would
like
log(n) o o
A 2 Ry/(n) = QndA;).
j:A;>0 J

But this implies that § should be chosen such that

_ log(n) 1 _ 10%(”)’%,1/2
=0 ¥ gx )= (Mha)

j:A;>0 I

which up to log log terms justifies the near-optimality of the regret guarantee given in Theorem 1 for
p close to 1/2. Of course A is not known in advance, so no algorithm can choose this confidence
level. The trick is to notice that arms j with A; < A; should be played about as often as arm % and
arms j with A; > A, should be played about as much as arm i untll T;(t—1) ~ A7 2 This means
that as T; (¢t — 1) approaches the critical number of samples A we can approxnnate

min { T;(t — 1), T-(t—l)%T t—1)2 min {A; 2 s AY AT 21/2.
Z { j i~ Z { } =

Then the index used by OCUCB-n is justified by ignoring log log terms and the usual n ~ ¢ used
by UCB and other algorithms. Theorem 1 is proven by making the above approximation rigorous.
The argument for this choice of confidence level is made concrete in Appendix A where I present a
lower bound that matches the upper bound except for log log(n) additive terms.

2 Concentration

The regret guarantees rely on a number of concentration inequalities. For this section only let
X1,X5,...beiid. 1-subgaussian and S,, = > | X; and fi,, = S,,/n. The first lemma below is
well known and follows trivially from the maximal inequality.



Important remark. For brevity I use O, (1) to indicate a constant that depends on 7 but not other
variables such as n and u. The dependence is never worse than polynomial in 1/(n — 1).

2
Lemma 2. Ife >0, then P{3t <n:S; > e} <exp (—;)
n

The following lemma analyses the likelihood that S,, ever exceeds f(n nlog max {e, logn}
where 7 > 1. By the law of the iterated logarithm lim sup,,_, . S/ f( f \/ /n a.s. and for small
¢ it has been shown by Garivier [2013] that

P{Eln .S, > 1+ [2nlog (1°g5("))} - 0(s).

The case where § = (1) seems not to have been analysed and relies on the usual peeling trick, but
without the union bound.

Lemma 3. There exists a monotone non-decreasing function p : (1,00) — (0, 1] such that for all
n > 1it holds that P {Vn : Sy < v/2nnlog max {e, log n}} > p(n).

Lemmad. Letb > 1and A > 0 and T = min {n D SUDysy, it + 4/ Znlog(h) o A} then

Elr] < VE[T?] = O,(1) - (1 + = A2 log+(b)> where log (x) = max {1,log(x)} .

The final concentration lemma is quite powerful and forms the lynch-pin of the following analysis.

Lemma 5. Let A > Oand p € [0,1] and d € {1,2,...} and \1,...,\q € [1,00] be constants.
Furthermore, let o be the random variable given by

2
a=inf ¢ a > 0 :inf s + —nlogmax 1, v @ > —A
: s > min {s, M50}

Finally let = inf {# > 0 : Blog(B) = a}. Then

(a) Ifp € (1/2,1], thenAE[a}:O<(2P_1> Zmln{A ! \//\7}

(b) If p € [1/2, 1], then AE[3] = O ((7711)2) : imin {A—l, ﬁ}

The proofs of Lemmas 3 to 5 may be found in Appendices B to D.

3 Analysis of the KL-UCB+ Algorithm

Let us warm up by analysing a simpler algorithm, which chooses the arm that maximises the fol-
lowing index.

%(t)zﬂi(t—l)-f—\/ﬂ(fz 0 log (Ti(tt— 1)>~ 2

Strategies similar to this have been called KL-UCB+ and suggested as a heuristic by Garivier and
Cappé [2011] (this version is specified to the subgaussian noise model). Recently Kaufmann [2016]
has established the asymptotic optimality of strategies with approximately this form, but finite-time
analysis has not been available until now. Bounding the regret will follow the standard path of
bounding E[T;(n)] for each suboptimal arm 7. Let ji; ; be the empirical estimate of the mean of the



ith arm having observed s samples. Define 7; and 7o by

2 A;
7, = min {t >1/A%: sup fii,s + \/77 log max {1, nA?} < p; + }
s>t S

2
i ) . 2n t A
= : st — e - S el
TA = min {t 1§1£l£n'u17 \/S logmax{l 5} 1 5 }

If T;(t — 1) > 7; and t > Ta,, then by the definition of 7, we have v (t) > u; + A;/2 and by the
definition of 7;

2u(t) = ult — 1)+ ¢ PIOSTU 1) < oy 1)[2208008) < 1,

which means that I; # i. Therefore T;(n) may be bounded in terms of 7; and 74, as follows:

n

Tin) =Y YL=i}<7a,+ > Wh=iandTi(t—1) <7} <7+7a,.

t=1 t=7a,+1

It remains to bound the expectations of 7; and 7a,. By Lemma 5Sa withd = 1and p = 1 and A\; = o0
it follows that E[7a,] = O, (1) - A;? and by Lemma 4

Elr] = 0,(1) - < A2 log (nA;j ))
Therefore the strategy in Eq. (2) satisfies:
. 1
R () = 3 ABL =0, 3 (&t 1 lordnd?)
:; >0 :A; >0 v

Remark 6. Without changing the algorithm and by optimising the constants in the proof it is pos-
sible to show that limsup,, _, R (n)/ .1og(n) < Zi:Ai>O 2n/A;, which is just a factor of 7
away from the asymptotic lower bound of Lai and Robbins [1985].

4 Proof of Theorem 1

The proof follows along similar lines as the warm-up, but each step becomes more challenging,
especially controlling 7a.

Step 1: Setup and preliminary lemmas

Define ® to be the random set of arms for which the empirical estimate never drops below the critical
boundary given by the law of iterated logarithm.

2 1 1
o= {z > 9. ﬂi,5+\/ mlogmax{e,logs} foralls} , 3)
S

where 91 = (1+1)/2 € (1,n). By Lemma 3, P{i € ®} > p(n;) > 0. It will be important that ®
only includes arms ¢ > 2 and that the events 4, j € ® are independent for ¢ # j. From the definition
of the index « and for 7 € ® it holds that ;(¢) > u; for all ¢. The following lemma shows that the
pull counts for optimistic arms “chase” those of other arms up the point that they become clearly
suboptimal.

Lemma 7. There exists a constant ¢,, € (0, 1) depending only on n such that if (a) j € ® and (b)
fri(t —1) < pi + Ai/2 and (c) Tj(t — 1) < ¢y min{T;(t — 1), A7}, then I # .

Proof. First note that T;(t — 1) < T;(t — 1) implies that B;(t — 1) > B;(t — 1). Comparing the

indices:
. 2n logB 2neplog Bi(t—1) A
— 1 — .
7it) = fat M \/ 1) 2




On the other hand, by choosing ¢, small enough and by the definition of j € ®:

7-(1%): 0 %j(t_l)> 2770,,10gB t_l) Cn
’ T;(t—1) y(t—1) T;(t—1)
2nc, log Bi(t — 1)
> n J > v ¢
which implies that I; # i. O

Let J = min @ be the optimistic arm with the largest return where if ® = () we define J = K + 1
and A; = max; A;. By Lemma 3, ¢ € ® with constant probability, which means that J is sub-
exponentially distributed with rate dependent on 7 only. Define K; , by

v

Kip,=14¢, Z min< 1, A—;p , 4
jE®,j#£i J

where ¢, is as chosen in Lemma 7. Since P {i € ®} = Q,,(1) we will have K, , = Q,(k; ,) with

high probability (this will be made formal later). Let

A?] A?]
b, = max{nzOg(n), log(n), e} and B; = max {nlog(n)’ log(n), e}
kiyp Ki,p

1 A;
IniIl{SZAz:S};pﬂi’s,Jr }log(B)<uz+2} 5)

The following lemma essentially follows from Lemma 4 and the fact that J is sub-exponentially
distributed. Care must be taken because J and 7; are not independent. The proof is found in Ap-
pendix E.

1
Lemma 8. E[r;] < E[J7r;] = 0,(1) - <1 t A2 log(bi)>.
The last lemma in this section shows that if T;(¢ — 1) > 7;, then either ¢ is not chosen or the index
of the ith arm is not too large.
Lemma9. If T;(t — 1) > 7;, then I; # i or v;(t) < p; + A;/2.

Proof. By the definition of 7; we have 7; > A;Q and f;(t — 1) < p; + A;/2. By Lemma 7,
if j € ®and Tj(t — 1) < ¢, min {A;?, A;Q}, then I, # i. Now suppose that T;(t — 1) >
cymin {A;%, A7} forall j € ®. Then
X ~1
B;(t — 1) = max« e, log(t), tlog(t) Zmln{T t—1), Tj(t — 1)’Ti(t — 1)' "}

nA?log(n))|
=B

i,p

< max {e, log(n),
Therefore from the definition of 7; we have that v;(¢) < u; + A;/2. O

Step 2: Regret decomposition

By Lemma 9, if T;(n) > 7, then Iy # i or v;(t) < p; + A;/2. Now we must show there exists
a j for which v;(t) > p; + A;/2. This is true for arms i with A; > 2A; since by definition
~vs(t) > py > pi + A;/2 for all t. For the remaining arms we follow the idea used in Section 3 and
define a random time for each A > 0.

A
TA = min {t s inf supy;(s) > pu1 — } . (6)
s>t j 2



Then the regret is decomposed as follows

Ry (n) <E Z AT + 208 57TA, 4 + Z JAVENT I %)
:A; >0 ’L:Ai<A,]/4

The next step is to show that the first sum is dominant in the above decomposition, which will lead
to the result via Lemma 8 to bound E[A;7;].

Step 3: Bounding 75

This step is broken into two quite technical parts as summarised in the following lemma. The proofs
of both results are quite similar, but the second is more intricate and is given in Appendix G.

Lemma 10. The following hold:

lo b
(). E[Ay7a, ] <On(1)- g i)
2:; >0 1
bLE| Y Ama|<0,0) Y log ).
A <Ay /4 :A; >0

Proof of Lemma 10a. Preparing to use Lemma 5, let A € (0, 00]% be given by \; = 7; for i with
A; > 2A; and \; = oo otherwise. Now define random variable « by

2 A
a=inf ¢ a>0:inf ;s + —nlogmax L, =% a Zul——‘]
E s Yooy min {s, A\st=r} 8
and 8 = min {8 > 0: Blog(3) = a}. Then for ¢t > 8 and abbreviating s = T (t — 1) we have

. 2
Y(t) = fins + £10g31(t —1)

2 tlog(t
= fi1.s + il log [ max ¢ e, log(t), —% os(t)
5 > iz min{s, Ty(t — 1)rs'=r}

> e+ | 211 1 -
> ju, ~logmax< 1,
° s Zfil min {s, T;(t — 1)rsl—r}

R 1 a > By
Z M1,s — log max R - > — —=,
s Soi, min {s, A7s' -} 8

where the second last inequality follows since for arms with A, > 2A; we have T;(n) < 7, = A
and for other arms \; = oo by definition. The last inequality follows from the definition of a.
Therefore 75,4 < B and so E[A;7a /4] < E[A /], which by Lemma 5b is bounded by

YA, > O}Zd:min{A;l, ﬁ}]

E[A;8] = E[E[A;B|A]] < Oy(1) - E

<ome| Y Mr2Uis om0k

i Ai=00,A; =0 i A, >0

> ﬁ-] . ®

i:A; >0

where the last line follows since E[J] = O,,(1) and

]l{AJ > 0} J 1 .
. i-/\-:Z:A-:oﬁ <k |:Arn1n:| < Oy(1)- A < Op(1) max {Z: E[TZ]} .



The resulting is completed substituting E[,/7;] < \/Im into Eq. (8) and applying Lemma 8 to
show that E[r;] < O,(1) - (1 n loi#) N

Step 4: Putting it together

By substituting the bounds given in Lemma 10 into Eq. (7) and applying Lemma 8 we obtain

RZCUCB " Z A, E Tz + O Z 10g b )
:A; >0 : ;>0 l
2
<o, %0 (Awllogmax{w”‘)g(”), log(n), }) ,
i8>0 Ai kip

which completes the proof of the finite-time bound.

Asymptotic analysis. Lemma 5 makes this straightforward. Let ¢,, = min{%, log_% (n)} and

. e 2n «
op =min ¢ o s inf fi; o + 4/ — log (—) > U1 —En -
s S Ks

Then by Lemma 5a with p = 1 and A1, ..., Ax = oo we have sup,, E[a,,]e?/K < O, (1). Then we
modify the definition of 7 by

s'>s

2
Tin = Min {s D sup flis + il log(nlog(n)) < p1 — €n} ,
s

which is chosen such that if T;(t — 1) > 7, ,,, then v;(t) < p1 — &,,. Therefore

RO (n) < ApaxBElom] + Y AiE[ri ] < 0,(1) - Ama"K+ > AE[R.
:A; >0 :A; >0

Classical analysis (eg., by Garivier and Cappé [2011]) shows that lim sup,, , . E[7; ]/ log(n) <
2nA;? and lim,, o £,/ log(n) = 0, which implies the asymptotic claim in Theorem 1.

ROCUCB—n n 2
lim sup “7() < Z “n .
noo log(n) o i

This naive calculation demonstrates a weakness of asymptotic results. The A Ke,, 2 term in the
regret will typically dominate the higher-order terms except when n is outrageously large. A more
careful argument (similar to the derivation of the finite-time bound) would lead to the same asymp-
totic bound via a nicer finite-time bound, but the details are omitted for readability. Interestingly the
result is not dependent on p and so applies also to the MOSS-type algorithm that is recovered by
choosing p = 0.

5 Discussion

The UCB family has a new member. This one is tuned for subgaussian noise and roughly mimics
the OCUCB algorithm, but without needing advance knowledge of the horizon. The introduction of
ks, is a minor refinement on previous measures of difficulty, with the main advantage being that it
is very intuitive. The resulting algorithm is efficient and close to optimal theoretically. Of course
there are open questions, some of which are detailed below.

Shrinking the confidence level. Empirically the algorithm improves significantly when the loga-
rithmic terms in the definition of B;(¢ — 1) are dropped. There are several arguments that theoret-
ically justify this decision. First of all if p > 1/2, then it is possible to replace the ¢ log(¢) term in
the definition of B;(¢ — 1) with just ¢ and use part (a) of Lemma 5 instead of part (b). The price



is that the regret guarantee explodes as p tends to 1/2 (also not observed in practice). The second
improvement is to replace log(t) in the definition of B;(t — 1) with

-1

K
max ¢ 0, log | ¢+ [ > min {T;(t — 1), T;(t — 1)’ Ti(t — 1)' "} , 9)
j=1

which boosts empirical performance and rough sketches suggest minimax optimality is achieved. I
leave details for a longer article.

Improving analysis and constants. Despite its simplicity relative to OCUCB, the current analysis
is still significantly more involved than for other variants of UCB. A cleaner proof would obviously
be desirable. In an ideal world we could choose 17 = 1 or (slightly worse) allow it to converge to 1
as t grows, which is the technique used in the KL-UCB algorithm [Cappé et al., 2013, and others].
I anticipate this would lead to an asymptotically optimal algorithm.

Informational confidence bounds. Speaking of KL-UCB, if the noise model is known more pre-
cisely (for example, it is bounded), then it is beneficial to use confidence bounds based on the KL
divergence. Such bounds are available and could be substituted directly to improve performance
without loss [Garivier, 2013, and others]. Repeating the above analysis, but exploiting the benefits
of tighter confidence intervals would be an interesting (non-trivial) problem due to the need to ex-
ploit the non-symmetric KL divergences. It is worth remarking that confidence bounds based on
the KL divergence are also not tight. For example, for Gaussian random variables they lead to the
right exponential rate, but with the wrong leading factor, which in practice can improve performance
as evidenced by the confidence bounds used by (near) Bayesian algorithms that exactly exploit the
noise model (eg., Kaufmann et al. [2012], Lattimore [2016], Kaufmann [2016]). This is related to
the “missing factor” in Hoeffding’s bound studied by Talagrand [1995].

Precise lower bounds. Perhaps the most important remaining problem for the subgaussian noise
model is the question of lower bounds. Besides the asymptotic results by Lai and Robbins [1985]
and Burnetas and Katehakis [1997] and the finite-time analysis in the two-armed case by Kulkarni
and Lugosi [2000], there has been some recent progress on finite-time lower bounds, both in the
OCUCSB paper and a recent article by Garivier et al. [2016]. Results formalising the intuition in the
introduction are given in Appendix A, but still there are regimes where the bounds are not matching.

Empirical evaluation. I plot the regret —e— OCUCB-n

in the worst-case regime where K' =, ), | —6— OCUCB-nEq.() |
100 and n = 5000 and all sub-optimal —&— UCB

arms have A; = A > 0. Error bars are —¢—ocues '

too small to see and all code/data will - 2:::5”" Sampling

be made available with any final ver-

sion. Each data point is the average of %ﬂ
14113 i.i.d. samples. There are two ver- 3
sions of OCUCB-n, both with = 1. g "%
The first using B; as given after Eq. (1) &

and the second using Eq. (9). The per-
formance is compared to UCB (as de- 500
fined by Katehakis and Robbins [1995]),
OCUCB (a = 3, ¥ = 2), Thompson
sampling and the finite-horizon Gittins 0 N
index strategy. The two Bayesian algo- 0 1
rithms use a flat Gaussian prior. Besides A

OCUCB-n, only UCB and Thompson sampling do not depend on the horizon. A more extensive em-
pirical evaluation would be quite interesting, especially when the gaps are unbalanced or even better
with real data. Other synthetic evaluations were consistent with the results above, with OCUCB-n
performing comparably with the state-of-the-art in all regimes, and sometimes better. These results
are omitted due to space constraints.
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A Lower Bounds

I now prove a kind of lower bound showing that the form of the regret in Theorem 1 is approximately
correct for p close to 1/2. The result contains a lower order — loglog(n) term, which for large n
dominates the improvements, but is meaningful in many regimes.

Theorem 11. Assume a standard Gaussian noise model and let 7w be any strategy and ;1 € [0, 1]%
2
be such that + > 1 for all i. Then one of the following holds:

nAj
i,1/2 log(n)



. nA?
L R Z A (Qki,l/zlog(”))

3:A;>0

AMH

2. There exists an i with /\; > 0 such that
A/Q
Z A’ g\ 2p 1
:AL>0 1/2 Og( )
where i = p; + 2A; and p; = pj for j # i and A} and ki , are defined as A; and k; ,

but using 11'.

Proof. On our way to a contradiction, assume that neither of the items hold. Let ¢ be a suboptimal
arm and ' be as in the second item above. I write P’ and E’ for expectation when when rewards are
sampled from p’. Suppose

1 nA?

Then Lemma 2.6 in the book by Tsybakov [2008] and the same argument as used by Lattimore
[2015] gives

ki,l/Q log(n)

nAZZ =2/.

P{T;(n) > n/2} + P {T;(n) < n/2} >
By Markov’s inequality

2E[T;(n)] 1 nA? log(n)
() > < < < <5,
PATi(n) 2 n/2} < n ~ 2nA? log 2k; 1/2log(n) ) ~ 0

Therefore P’ {T;(n) < n/2} > §, which implies that

snA; 1 11 1 1 nA;
O S NND SR § > = T s
RJl(n) = 2 2 mm{Ai’ Aj} el 2 2 Z Aj <2k/ log(n)> 7

J:AL>0 J,1/2

which is a contradiction. Therefore Eq. (10) does not hold for all 7 with A; > 0, but this also leads
immediately to a contradiction, since then

1 1 nA?
AiE n 2 1 1 v .
) il 2 4 i.AZ;O A (2’%.,1/2 log(”)> -

:A;>0
B Proof of Lemma 3

Monotonicity is obvious. Let € > 0 be such that 7 = 1 + 2¢ and and G, = [(1 + )*, (1 + ¢)k*1]
and Fj, = {Eln eG:S, > \/2nnlogmax{e,10gn}}. Then

]P’{Vn 1S, < \/277nlogmax{e,logn}} =P{Vk>0:-F,} = HP{—'FkhFl, ceoy o Fr1} .
k=0

Now we analyse the failure event Fj.
P{Fy|-F,...,~Fr_1} <P{Fy}
= P{En €Gg: S, > J?nnlogmax{e,logn}}

< 2n(1 +¢)* log, log(1 + £)*
=GP~ 2(1 + )kl

. 5z
o (klog(1+5)) '

10




Since this is vacuous when k is small we need also need a naive bound.
IP{EIn € Gy, : Sy > \/2nnlog max {e,logn}} <exp(—n) <1.

Combining these completes the results since for sufficiently large kg (depending only on 1) we have
that

pln) 2 exp (=nko) [ (1 =P {F}) 2 exp (ko) [] (1_ (klg(l)) >>O'

1+¢
k=ko k=ko +

C Proof of Lemma 4
Let o > 1 be fixed and to = [8nlog,(b)/A?] and t), = to2". Then

P{r>ato} <P{It>oate: i > A/2} <> P{It <t,:8 > a2 t,A/2}

k=0
o0 0292k—242 A2 0 a2k
< ZGXP (8042’%2) < ZQXP <4> = O (exp (—/4)) .
k=0 k=0

Therefore E {(T / t0)2] = O(1) and so the result follows.

D Proof of Lemma 5
Lety; = (1+1)/2and 1y = n/n; and

N Y 1
A= me AT, log, A .
i=1 v

Let 2 > 0 be fixed and let G, = [, 7" "']. We will use the peeling trick. First, by Lemma 2.

2 A
qr =P < inf fg+ —nlogmax 1, — x < -A
sEG), s Sy min{s, As'=r}
<P{3s <t S, + | 2nmFlogmax {1 A +AnF <0
- B 1 P 1min{n§+1 Aengkﬂm—p)} L=
1= » 7N
d . k+1)(1— 2
(2 i min {U’f+1aAfU§ +L( p)} Azn'f_l
- TA P 2
d i { k+1 yp (k+1)(1—p)} 2
., min AL 2.k
_ 2im1 m m oxp (A1 |
A 2n
where (a) follows by Lemma 2. By the union bound
2n A >
P{inf jis + | = log max { 1, <-Ab <Y g
R v R B
_ n
< (YL, min {nf“, Ao p)} Az
< —
<2 zA exp( 2n )
k=0
d oo 2
1 ] & _ A2,’7k
< (mzzmm{nfﬂ I} g (-
i=1 k=0 "
n _
—o L) .z
(n = 1) A

11



where the last line follows from Lemma 12. Therefore P {ae > 2A} < O (%) SN2

Now the first part follows easily since E[a] < [[“P{a > zA} = (ﬁ) - A. Therefore

AE[a] <O ( ) me{ N A%~ og (/\1A2)}

<0 (@=rr=17) me{ VAL

For the second part let o = A/ productlog(A) where productlog is the inverse of the function
x — zexp(z).

IN

oo

E[B]g/OOOIP{,BZx}dexO—I—/I P{aZ%log(m)}dm

0

n o] A n2
< L ). -
<at0(25) [ () @

n A 2 [e%e] 3
< . N2
<a+0(725)  (itey) [, e

=t ((n = 1>2> ' <1og?xo>>m " =0 ((n - 1>2> ' producAﬂog<A> |

If A < e, then the result is trivial. For A > e we have productlog(A) > 1. Then

AJE[ﬂ]SO< 1 ) AA

m—12) productlog(A)

1 )\PAZp—l 1 1
<0 A Sl S )
= ( ) Z min { A’ productlog(A) 08+ (/\iAQ) }

1

1 1 _
By examining the inner minimum we see that if A > A, 2, then 1/A < A2 . If A < ), 2, then

<ol

min ! XAl lo ! < A lo L
A’ productlog(A) &+ A A2 max {1, productlog(A—2)} &+ A A2
<2AF.

Therefore E[At] < O ((n 1)2) 4 min {A~T, /A } as required.

E Proof of Lemma 8

Since J is sub-exponentially distributed with rate dependent only on 1 we have \/E[J2] = O(1).
By using Lemma 4 we obtain

VEr? = /E[E[2K

12



The latter inequality follows by noting that B; > e and (1 + clog(x))? is concave for > e and

c>0.
(1+ gz vouts >)2

E <1+—log( [Bi])

A2

e )
=0,(1)- (1 + 5z los <rnax {log(n), Miflig(m})) 7

where the last inequality follows from (a) K; , > 1 and (b) Azuma’s concentration inequality im-
plies that P{K; , < c,p(n)ki ,/2} = O(k; pl) as shown in the following appendix. Finally by
Holder’s inequality

BLm) < /B < 0,00) - (14 g3 10800 ) -

F Tail Bound on K; ,

Recall that K, = 1+ ¢ 32 cq s min { 1, A7 /A% b and ks, = 14+ 3205, min {1,420 /4% 1.
Therefore by Azuma’s inequality and naive simplification we have

P{K; , < cyp(n)ki,/2} <P Z min{l,A?p/A?p} < @ Zmin{l,A?p/A?p}

JEP,jF J#i

- (P(U) Zj# min {1, A?p/A?]p})Z

(a)

< exp ;
23, min {1,A§”/A§P}

(b) p(n)? Zj;&i min {17 Afp/Aip}

<exp |-

2

(©) -
= O(kz,;}) )

where (a) follows from Azuma’s inequality and (b) since min{1,z}? < min{l,z} and (c) by
exp(—x) < 1/z forall z > 0.

G Proof of Lemma 10b

Recall that we are trying to show that

E| > Aira, _o< > Aﬁ[h,;]) : (11

i:Ai<AJ/4 :A; >0

Let E be the event that Ay < Aj/4 and define random sets A = {i: A; € (2A7,00)}

Ay = {i: A; € [Ay,2A)]}. Fori € Ay we have A; > 2A; and since J € ® we have ’}/J(Q >
wy > p1 — A;/2. Therefore i € A; implies that 7o, = 1 and so T;(n) < 7;. Let A € (0, 0]
given by \; = 7; fori € A; and \; = oo otherwise.

. inf i .+ 20, 1 a S Ay
a =min ¢ «: inf fio, — logmax < 1, > g — —=
s 8 s Zfil min {s, \'s1=r} 4

It is important to note that we have used fio s in the definition of o and not fi; , that appeared in
the proof of part (a) of this lemma. The reason is to preserve independence when samples from the
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first arm are used later. Let § = min {8 > 0 : Slog(83) = a}. If E holds, then for ¢ > 3 we have
Yo (t) > o — Ay/4 > py — Ay /2, which implies that

E} ZTi(n) <ta, + Zn <pB+ Zn.
1€EAs 1€ As 1€ Ao

Therefore for any s, ¢ < n the concavity of min {s, -} and x — 2” combined with Jensen’s inequal-
ity implies that

]l{E}me{sTt—l 1= ”}<Zmln{ (W) 31_"}.

1€EAs i€ As

We are getting close to an application of Lemma 5. Let w € (0, o0]¥ be given by

T ifje Ay
wj = B/[Aa| + 3 ca, Ti/|A2| ifj € Ao
00 otherwise ,

which has been chosen such that for 77 (t — 1) = s and if E holds, then

Bi(t —1) > max<{ 1, —% tlog(t)
ijl min {s, T;(t — 1)Pst=r}
> max {1, tlog(t) } . (12)
J

S8 min {s, wisi=r}

Now let ¢ be the index of some arm for which A; < A ;/4 and define

. o 2n o A;
o =min § o :inf iy o + | — logmax 1, —5 >y — —
s s ijl min {s,wfslfp} 2

and 8; = min {8 > 0: Slog(8) = «;}. Therefore by Eq. (12), if E holds and ¢ > £3;, then ~y; (¢) >
w1 — A;/2 and so ta, < f3;. At last we are able to write ¢, in terms of something for which the
expectation can be controlled.

E Z Aita, | SE Z AiBi

A <Ay /4 A <Ay /4

< Oy(1)-E Z Zmln{ j}
lA <A]/4] 1

<O0,(1)-E| > Z\r+|Az|f+
_i:Aq‘,<AJ/4 ]EAl

<0,(1)-E ZJ\FJr +J|A2|\ﬁ : (13)

JGAl

IIlln

The first two terms are easily bounded as we shall soon see. For the last we have

E [J]|Aa| /@] < Op(1) - \/E[|A2?w;] = Op(1) - |E ||As] Y 75+ |A42|8

JEA2

<O,(1)- | |E |42 Y 75| + VE[A2]B] (14)

JEA2

14



Bounding each term separately. For the first, let A, = {j : A; € [2¢,2¢72)}, which is chosen such
that no matter the value of A ; there exists an £ € Z with Ay C A,.

\AQ|ZTJ <0(1 ZW\ZET]

JEA2 LEL jeA[
<o) [ |Ag\2maXE[T]]
LeZ
Y log i), (15)
J:A;>0 J

where the last inequality follows because ) ,., 1{j € Ay} = 2 for each j and from Lemma 8,

which gives the same order-bound on E[r;] for all j € Ay for fixed £. For the second term in
Eq. (14) we have

E [\/m} (%) 071(1) E ‘A2| Z A2 A Z \/>

jidj=00 Jih;<oo

(%)On(l)' E ||A,] Z AZ PAz] Z ]E

jiAj=o00 7:A;>0

10
Z g)

jA>0

where (a) follows from Lemma 5 and (b) since for all z,y > 0 it holds that \/x +y < v/z + VY
and ,/zy < z + y. To get (c) we bound the first term as in Eq. (15), the second by the fact that arms
in j € Ay have A; < 2A; and the third using Lemma 8. Finally by substituting this into Eq. (13)
we have

Z AiTAi

i€As Amin

JEA J:A;>0

<o,1) ¥ <1+1°i(§j)>7

7:A;>0

< Oy ZJ\FJr + Y <1+1°i(;’j)>

where the last line follows since E[ J? /Amin] = O, ( min and by Lemma 8

1
E[J\/7] < \/E[J2E[;] = O (1) - /1 + OgAQ

which completes the proof.

H Technical Lemmas

Lemma 12. Letn) > 1 and p € [0,1] and X € (0,00] and x > 0, then

= 1(2_, _n .
> min {1, A= b exp (—an) < 4 7 (2 + ) ifar>1

Alzgf;)l (1 + % + log (ﬁ)) otherwise .

— n .mi l pp—1 i
_0(77—1) mln{x7)\x 10g+(/\x .
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= min {nF+t1, Arp*+D0=P) Y exp(—znk), which is unimodal and so

Proof. Let f(k) =
Sreo f(k) < 2supy, f(k) + [y f(k)dk. If zX > 1, then

o) %) L . B n
/0 f(k)dk < 77/0 n"exp (—n*z) dk = TTog(n)

If 2\ < 1, then let ky be such that n*» = \*n¥»(1=r) and k, be such that n* = 1/.

S kx ka 00
/ f(k)dEk < 77/ n*dk + 77/ MNpe(1=0) g 4 77/ MpF=P) exp (—xnk) dk
0 0 kx ke
A—1 o
= + 1 (ky — kx) MWaP™t 4 APzt / nF=ka)1=p) oxp (—nkm_k) dk
log(n) b
_A-l N APz~ tlog (sL)  pArar!
~ log(n) log(n) elog(n)
Finally

1
sup f(k) < min{, nx\px”_l} .
k €T

Therefore
S mnin {1 (1=p)(k+1) k z (% + Toat )) ifzA >1
Z min {77 , APpiTP } exp (—a:n ) < osant 771 ) .
h=0 1og(1) (1+L+1log(55)) otherwise.
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I Table of Notation

K

n

&

1, 72
Hi
fl,s
f1i(t)

Amin
Amax

log ()
Bi and bi

Ki,ﬂ

number of arms
horizon

current time step
noise in time step ¢

constant parameter greater than 1 determining width of confidence in-
terval

constant parameter in [1/2, 1]

m = (1+n)/2and ny = n/m

expected return of arm %

empirical estimate of return of arm 7 based on s samples
empirical estimate of return of arm ¢ after time step ¢
gap between the expected returns of the best arm and the ith arm
minimal non-zero gap Anin, = min {A; : A; > 0}
maximum gap Ay . = max; A;

max {1, log(z)}

see Eq. (5)

>y min{1, AZ /AT

see Eq. (4)

see Eq. (5)

see Eq. (6)

see Lemma 3

set of optimistic arms Eq. (3)

J = min ®
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